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Single Charged Particle Motion

m Newton’s law on particle mass m and charge ¢
m Lorentz force with imposed external magnetic field B

ar_,
dt
m((iiit) = quX B(r)
r(t=0) =7
v(t=0) =g = (energy, direction),

m Lorentz force L to both v and B
1
2
m Particles move on helices || to B.

m Relativistic formulation m replaced by mg+/1 — v2/c?

m — kinetic energy W = 1muv? conserved.



Uniform Field: Gyro and Helicoidal Motions

m Gyro (cyclotron) frequency

Electron Qg — g
o :
o m Gyro (cyclotron or Larmor)
radius
Guiding Center rg = TZZL
/ .
AN AN AYA m Pitch angle a
L]
v U U Y tan(a) = =
[
Baumjohann and Treumann
[1996] m Magnetic moment
mvl _ Wy
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Inhomogeneous Magnetic Field: Bounce Motion

Path of particle ® (1 o< v? /B) 1stinvariant is
conserved

sin?(ceq)  sin®(a)

B(R.y,0)  B(R,\)

m Mirror point: when a=m/2,
latitude A\, such
B(Req,0)

-2
sin“(aeq) = Blrm )
m Loss cone: pitch angle a1c

B(Req,0)
B(Rp, A\p)

sin?(apc) =



Magnetic Drifts: Drift Motion

vB lon m First-Order Approximation

o B(r) = By + (r- V)By
(0000000000000000000000 »
B Electron

m Gradient drift (V B)

B mvi BxVB
Y9 = 2q B3

m Curvature drift

mu} R.x B

‘" ¢ RB?

Baumjohann and Treumann

where R, is the local radius
[1996]

of curvature



Charged Particle Motion Tracing

m 10 MeV protons in the
Earth’s dipole field
m Initial conditions
m Position
Req = (2Rp,0,0) and
Req = (4Rp,0,0)
m Pitch angle aeq = 30deg

yR)

(a)
m dipole in the — 2 direction
m Characteristic bounce and
drift motions
u 2Rp
7. = 0.028, 7, = 1.7,
Tq = 3328
| 4RP
7. = 0.13s, 7, = 3.45s,
Oztiirk [2012] T4 = 166

z[R]




Bounce and Drift Periods Integrals

For a particle trapped between +\,
m Bounce period

b Sm m
e [T [Ty s
0 0 U” 0 d)\'l}”

B 1/2
v =0 (1 - B(S) sin? acq>

where

m Drift period

with A¢ azimuthal drift for 7,

A — /Tb vpdt /Am vp ds
reosA Jo  reosAy)’

Up = Vg + Ve = Ap = Apy + A¢,




Adiabatic Invariants

ry < |B/VB| and no time dependence
m First adiabatic invariant: magnetic moment

mvi _ W,
2B B

M:

m Second adiabatic invariant: longitudinal invariant

= ?{mvds =2mL <v||>

where L is the length of field line between mirror points.
m Third adiabatic invariant: drift invariant

27rm

¢ = fvprd@b =

where M is the magnetic moment of the axisymmetric field.



Dipole Field

m Magnitude B

B 3
B(r,) = 2280 1 3n2
r3

m Dipole field line equation

7(A) = Reqcos® A

B R =L = L-shell

Baumjohann and Treumann B(L,)) = Bp v1+ 3sin% \
[1996] ’ L3 cosb \
m B symmetric in azimuth m M ;~20000M g,
Mg~600M g

o M s R
B(r,\) = |~ g[-2sinAf+cosAA] g B~ 14Bp, Bs~0.7Bp



Dipole Field vs. Magnetodisc Field

m UCL Magnetodisc for Jupiter with magnetopause at
Rmp = 90R; and hot plasma index Kj, = 3 - 10" Pam T~}

m Field line <= Euler potential isocontour oo = constant

4 - 4
,

disc R [R)]

Dipole / m

0 2 4 6 8 10 12 W 16 2 4 6 8 012 416 o
®)) pIR;)

Jupiter internal Equivalent dipole L Jupiter internal and
(dipole) field parameter magnetodisc field



Bounce Integral for Dipole Field

m Guiding centre path <= field line, 1st invariant conserved
m Mirror point latitude A\ (cveq)

.9 Beq cos® A,
SiN” Qg = 5— =

B \/1+43sin Ay
m Bounce period 7!

4R,
it = e

2(2m)"/?
wi/2

@d(aeq) = LRP @d(aeq),

where @, is dimensionless function of geometry and a.q

Am (creq) cosAV1+3 Sin2 A
@d(aeq) :/ L

dA

of SN (g



Bounce Integral Approximation for Dipole Field

1.4 e
131\ — ()
1 — 1.31-0.57sina__
b NG 1.37»0.63sinazg4
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m Polynomial Approximation

2(2m)1/?

T,;i ~ LRp Wiz

(1.31 — 0.57 sin aieq)

m Alternative expression

2(2m)1/?

iz (137 = 0.63(sin req) )

Tgl ~ LRp



Drift Integral for Dipole Field
m Curl free field VXB =0 = VB = —BR,./R? and

, _ ™I BxVB
c — q B3

m Drift period

Td _ 277T7_d _ ﬂquRl% @d(aeq)
7 Ap'? 3LW  Qg(teq)’

where (1 is dimensionless function of geometry and a.q

/\m(”eq) \/m 2
Qa(aeq) = L esfn
0

Sin® ave
2 cosb \ !

D=

cos3 A(1 +sin? \)
(1 + 3sin? \)3/2

dA

Sin“ (rec
cosb \ !

[1_ V1+3sin?2) ]_



Drift Integral Approximation for Dipole Field
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Particle Tracing Pusher: Boris Algorithm (1970)

m Explicit in time — fast

m Time-centred — 2nd
order accurate

m ‘Leap-frog’ (requires v_y o)

t+At
(Tkv vk—%)—>(rk+17 vk+% )

m Phase space conserved
m Boris algorithma steps

1) v =1

2) vV=v" +v X

3) v =v +v Xk
— ot

4) Uyl =0

5) Tht1 :'I“k—l-’kar%At

tang @ﬁ
2 m 2

B At

m 2

-

Qin et al. [2013]




Particle Tracing Pusher: Boris Algorithm (1970)

m Explicit in time — fast

m Time-centred — 2nd
order accurate e

m ‘Leap-frog’ (requires v_y o)

t+At
(s v 1) = (Pht1, Uy 1) 0 ¢BAt
tan - = ——
2 m 2
m Phase space conserved
qu At
m Boris algorithma steps ¢=-—~-- and
Ei At ,
]_) v — ’U]C*l + qiki 5 1;
2 m 2 gux \&m>;.|ga thm
2) v =0T+ x¢ L. .
3) vt =v /XK -
E, At
4) Vil = v" u7 "
2 m .
5) Phit =Tk + v 1 AL Qin et al. [2013]




Particle Tracing: Latitude and Longitude Fitting

L=6, E=1.0 MeV TE=11.7, 'rg=11.5 s

50
)
< =—Tracer
2 ) \ / \ —Fit ||
5 .
—

-50 : :

=521.6, 1{=542.7 s
o 0
'g —T}'acer
Bh-10 ¢ —Fit ||
g "
=2 0 ‘ : ‘ ‘
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time

m Bounce period estimate 7,
t
Latitude(t) = A; sin <27r~ + qbl)
Tb
m Drift period estimate 7,4

2t
Longitude(t) = 74 [t + Agsin (27r~ + ¢2>]
Th



Particle Tracing: 1 MeV Proton in Earth Dipole
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1 MeV Proton in Jupiter Magnetodisc A\, and 7
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1 MeV Proton in Jupiter Magnetodisc 7
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Bounce and Drift Period Integrals: General Formulation
m Mirror point latitude Ay, (cveq, Feq)

B(Req, 0)
Bm("“ma )\m)

sin?(req) =

m Bounce period 7, (Req = LRp)

2(2m)/?

7, = LRp Wiz

P(Reqs eq)

¢ still dimensionless function of geometry but (Rcq, teq)
m Drift period 74
WquR% D(Regs teq)

Td 3LW Q(R(:(17 (ch) 7 " ! ’

('s still dimensionless functions of geometry but (Req, tteq)



Am for Jupiter Magnetodisc [Guio et al., 2017]
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® and 7, for Jupiter Magnetodisc [Guio et al., 2017]

&

s
6
4
0
"
r
B
0 2 4 o6 s 10 1

2(2m)"/?
wi/2

2(2m)"/?
wi/2

i ~ LRp (1.30 — 0.58 sin (),

7" ~ LRy (1.27 — 0.37sin aeq — 0.05L sin areq),



)/® and 7, for Jupiter Magnetodisc
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./) for Jupiter Magnetodisc
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Particle Tracing: Guiding Centre Approximation Breaking

_ _ _ d_

“ L=6, E=1.0 MeV 7 =117, 7,=11.5 s L=22, E=0.1 MeV =126.2, 79=133.0s
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m r, > |B/VB| (energy, Req and/or a.q increase)
m Check this out yourself in the practicals this afternoon!
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