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Astrophysical black holes are expected to reside in environments enriched by dark matter, raising the possi-
bility that environmental effects may leave observable imprints on gravitational-wave signals. We investigate
how the structure of a surrounding dark-matter halo modifies both the ringdown and tidal response of a static,
spherically symmetric black hole. The halo is modelled using a generalized (α, β, γ) density profile within the
Einstein cluster framework. We compute the quasinormal mode spectrum and static axial tidal Love numbers,
and examine their dependence on the halo compactness and density profile. We show that the halo induces a
characteristic redshift of the quasinormal frequencies and damping rates, with the strongest influence arising
from the inner halo structure. Time-domain evolutions confirm the frequency-domain results and exhibit
late-time tails whose behaviour is governed by the outer density profile. We further demonstrate that the
tidal Love number probes the halo through a different radial weighting than the ringdown spectrum, making
the two observables complementary. Our results suggest that combining ringdown and tidal measurements
can help constrain the spatial distribution of dark matter around black holes and distinguish environmental
effects from genuine deviations of the vacuum black-hole geometry.
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